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a b s t r a c t
This paper concerns optimal dynamic portfolio choicewith quadratic utilitywhen there aremarket impact
costs. The optimal policy is difficult to characterize, so we look instead for sub-optimal policies. Our
proposed suboptimal policy solves a tractable dynamic portfolio choice problemwhere the cost of trading
is captured in the objective instead of the price dynamics. A multiple time scale asymptotic expansion
shows that our proposed policy has sensible structural properties, while numerical experiments show
promising performance and robustness properties.
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This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Periods of illiquidity can make it difficult for an investor to
trade a large quantity of an asset within a desired period of time.
Much of the recent effort in modeling illiquidity and account-
ing for its effects in hedging, portfolio choice, and trade execu-
tion comes from the recognition that ignoring it is both risky and
costly (e.g. Bertsimas and Lo [4], Almgren and Chriss [2], Grinold [6]
and Garleanu and Pedersen [5], He and Mamaysky [7], Ly Vath
et al. [14], Moallemi and Saglam [11], Rogers and Singh [12] and
Schied et al. [13]). While much of this literature accounts for illiq-
uidity by explicitly modeling the impact of trades on asset prices
(exceptions include Grinold [6], Garleanu and Pedersen [5] and
Moallemi and Saglam [11], on dynamic active portfolio manage-
ment), this approach is challenging because even simple models of
price impact lead to substantially harder optimization problems,
and it is difficult to see how the techniques which have been used
extend to multi-assets, or to problems that include features such
as stochastic liquidity, etc.
We are interested in optimal utility maximization when there
aremarket impact costs. In this paper, we take a different approach
where instead of searching for the optimal policy, which is difficult
when there is market impact, we look for a sub-optimal policy that
is ‘‘good enough’’. The novelty is that our suboptimal policies solve
∗ Corresponding author.
E-mail addresses: andrewlim@nus.edu.sg, lim@ieor.berkeley.edu (A.E.B. Lim),
poomyos@cal.berkeley.edu (P. Wimonkittiwat).
http://dx.doi.org/10.1016/j.orl.2014.04.008
0167-6377/Published by Elsevier B.V. This is an open access article under the CC BY-Nan alternative tractable dynamic portfolio choice problem which
captures an essential tradeoff between trading slowly (to minimize
market impact) while having desirable asset holdings across time (to
achieve good returns). Ourmodel achieves tractability bymodeling
market impact through a penalty term in the objective that
penalizes rapid trading. This differs from the standard approach
where market impact is explicitly modeled in the price dynamics.
We show using multiple time scale asymptotic methods that the
portfolios obtained by solving our model have sensible structural
properties. Simulations suggest that it delivers close-to-optimal
utilitywhen applied to the price impactmodel of Almgren et al. [3].
Outline:
We present the Merton model of dynamic portfolio choice
in perfectly liquid markets in Section 2, and an extension with
price impact, based on ideas from Almgren et al. [3], in Section 3.
While it is not possible to solve this problem analytically, its
construction reveals an essential tradeoff is between maintaining
desirable portfolio holdings over time to optimize returns, and
minimizing the cost of doing so. With this in mind, we formulate
a surrogate dynamic portfolio choice problem in Section 4 where
illiquidity costs are accounted for in the objective instead of the
price dynamics. The benefit of this model is that it captures this
tradeoff while retaining tractability. We establish the relationship
betweenour surrogatemodel, the perfectly liquidMertonproblem,
and another portfolio selection problem with trading costs, in
Section 5. This relationship and multiple time scale asymptotic
expansions are used in Section 6 to derive an expansion of the
C-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
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which is used to understand comparative statics and structural
properties of the policy obtained from our surrogate model. In
Section 7, we evaluate the performance and robustness properties
of our portfolio on the temporary price impact model that we
formulated in Section 3.
2. Portfolio selection problem in liquid market
We recall the classical Merton problem [10] for frictionless
markets.
Asset dynamics
For simplicity, we consider a market with one risky asset and
one risk-free asset. Our results can be extended to multiple assets
with no essential difficulty. Wemodel uncertainty using Brownian
motion which is assumed to live on a filtered probability space
(Ω, F , P, {Ft}) over a finite time horizon [0, T ]. The risky asset
price s(t) is assumed to follow geometric Brownian motion
ds(t) = µs(t)dt + σ s(t)dw(t), (1)
with expected return µ and volatility σ . The risk-free asset price
process s0(t) satisfies
ds0(t) = rs0(t)dt (2)
with risk-free rate of return r .
The Merton problem
Let x(t) denote the investor’s wealth and π(t) be the value of
his/her risky asset holding at time t . The classical Merton problem
maximizes expected utility of terminal wealth
sup
π(·)
E{Φ(x(T ))}
subject to:
dx(t) = {x(t)r + π(t)(µ− r)}dt + π(t)σdw(t)
x(0) = x0.
(3)
Explicit solutions for the Merton problem can be found when the
utility function is of power, exponential, logarithmic and quadratic
type. In the case of quadratic utility we have the following
result, which can be shown by solving the associated dynamic
programming equations.
Proposition 1. The value function for the Merton problem (3) with
quadratic utility functionΦ(x(T )) = x(T )− η2 x(T )2 is
VM(t, x) = −12AM(t)x
2 + BM(t)x+ CM(t) (4)
where
AM(t) = ηe

2r− (µ−r)2
σ2

(T−t)
,
BM(t) = e

r− (µ−r)2
σ2

(T−t)
,
CM(t) = 12η (1− e
−( µ−rσ )2(T−t)).
The optimal investment policy is
π∗M(t, x) =
µ− r
σ 2

BM(t)
AM(t)
− x

. (5)
(Note that the subscript M is added for later reference.)3. Dynamic portfolio choice with market impact costs
Consider an investor who rebalances daily over a finite time
horizon T . We denote the rebalancing time and rebalancing
interval by n and ∆ (in years), respectively. The market consists
of a risk-free asset and one risky asset. The risk-free asset follows
the dynamics (2).We adopt a temporary impactmodel for the risky
asset that builds on Almgren et al. [3], which we now describe.
The risky asset price is described using two components, an ob-
served price s(n) and an execution price sexec(n, s(n), N(n)). The ex-
ecution price sexec(n, s(n), N(n)) is the average price of each asset
for an order of size N(n) submitted at the start of period n after
observing a price of s(n). The execution price sexec(n, s(n), N(n))
is larger than the observed price s(n) when buying an asset and
smaller when selling, and can be viewed as the cost of moving
through an order book in order to execute a block trade. We as-
sume in this paper that observed price s(n) is geometric Brownian
motion (1) sampled at daily intervals, and that the execution price
is given by
sexec(n, s(n), N(n)) = s(n)(1+ J(N(n))). (6)
Here, J(N(n)) is the relative price impact function which is positive
when the investor buys the asset (J(N) ≥ 0 when N > 0) and
negative when selling (−1 < J(N) ≤ 0 when N < 0). Almgren
et al. [3] use the function
J(N(n)) = c sgn(N(n))
 |N(n)|
V
0.6
(7)
where c and V are constants representing market depth and av-
erage daily volume, respectively. Observe that the sign of J(N(n))
depends on trading direction and its magnitude is proportional to
the size of the trade to the power of 0.6 (the value fitted in [3] using
data).
We denote by x(n) , π(n) + y(n) the investor’s wealth at
the start of time period n. Here π(n) denotes the dollar value of
the investor’s investment in the risky asset, which we define as
π(n) , ψ(n)s(n)whereψ(n) is the number of shares that he owns
of the risky asset, and y(n) is the dollar value of his investment in
the risk-free asset.
At the start of period n, the investor observes the risky asset
price s(n), the value of his risky asset holding π(n), and his wealth
x(n). On the basis of this information, he tradesN(n) shares at price
sexec(n, s(n), N(n)). The value of his risk-free holding immediately
after the trade equals its pre-trade value net the cost of this
transaction
y(n+) = y(n)− N(n)sexec(n, s(n), N(n))
= x(n)− π(n)− N(n)sexec(n, s(n), N(n)), (8)
while the value of the risky holding increases from its pre-trade
amount by the value of the assets just added
π(n+) = π(n)+ N(n)s(n). (9)
A key element of the model (8)–(9) is that it explicitly models the
cost of trading and the impact of these costs on the price dynamics
and the investor’swealth. For instance, ifN(n) assets are purchased
at the start of period n, a cash amount ofN(n)sexec(n, s(n), N(n)) is
taken from his risk-free holdings to pay for these assets (perhaps
by moving through the order book). These assets are then added
to his risky asset holdings, adding value N(n)s(n). The cost of
acquiring these assets is the difference N(n)[sexec(n) − s(n)]. (A
similar argument shows that N(n)[s(n) − sexec(n)] is the cost to
the investor when N(n) assets are sold.) In both cases, the cost
of trading equals |N(n)|s(n)|J(N(n))|. For the relative price impact
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cost(N(n)) = const × s(n)×
N(n)∆
1.6 , (const > 0) (10)
which is convex in the trade size/rate.
Moving from time n to n + 1, the observed value of the stock
price changes from s(n) to s(n+ 1) and the value of the investor’s
portfolio and risky asset holding evolve. The investor’s objective is
to maximize expected terminal utility over trading policies N(·),
and the corresponding stochastic control problem is given by
max
N(·)
Φ(x(T ))
subject to:
x(n+ 1) =

x(n)− π(n)− N(n)sexec(n, s(n), N(n))

er∆
+

π(n)+ N(n)s(n)
 s(n+ 1)
s(n)
π(n+ 1) =

π(n)+ N(n)s(n)
 s(n+ 1)
s(n)
,
x(0), s(0) and π(0) given.
(11)
We assume as in the Merton problem (3) thatΦ(x(T )) is quadratic
utility.
The key tradeoff is between optimizing terminal utility by hav-
ing desirable asset holdings over time and minimizing the cost
of attaining these positions. The model (11) proposes an explicit
model for the impact of trading on the value of the investor’s risky
and risk-free holdings over time, which complicates the dynamics
and makes it harder to solve than the fully liquid case.
Observe finally that the state variables of (11) are the investor’s
wealth x(n), the value of his risky asset holdings π(n), and the
observable price of the risky asset s(n). Numerical solutions are
possible when the number of risky assets is small, but every ad-
ditional risky asset increases the state by two, and numerical solu-
tions rapidly become intractable.
4. Tractable model with trading costs: model I
Wenoted in Section 3 that the essential tradeoff in the portfolio
choice problem (11) is between rapid trading to achieve desired
asset holdings at each instant in time andminimizing trading costs
by trading slowly. This problem is difficult to solve because the
explicit model of trading costs complicates the wealth dynamics.
The goal of this section is to formulate a new (surrogate) dynamic
portfolio choice problem that captures this essential tradeoff but
is also easy to solve. We later show that trading policies obtained
by solving the (simpler) model perform well when implemented
on the original model (11) and provide insight into the structural
characteristics of policies that performwell when there aremarket
impact costs.
For tractability, we formulate our surrogate model in continu-
ous time. As in (11), the state variables are the wealth, the risky as-
set price, and the value of the risky asset holding, while the control
variable is the trading rate ρ¯(t) (in dollars traded per unit time).
It is easy to construct a discrete time trading policy N(t) = ρ¯(t)∆s(t)
using the state variables for the originalmodel (11) and the trading
rate ρ¯(t) for our surrogate model.
Trading rate
Let ψ(t) denote the number of shares in the risky asset held
by the investor at time t , n0 be the initial risky asset holding, and
ρ(t) denote the rate at which shares in the risky asset are being
purchased at time t , which is controlled by the investor. Then the
risky asset holding satisfies
dψ(t) = ρ(t)dt, ψ(0) = n0. (12)As in theMerton problem (3) let π(t) , ψ(t)s(t) denote the dollar
value of the risky asset holding. In contrast to theMerton problem,
whereπ(t) is the control variable,π(t) can now only be controlled
through the trading rate ρ(t) and needs to be treated as a state
variable. Ito’s formula together with (1) and (12) implies that
dπ(t) = {ρ¯(t)+ π(t)µ}dt + π(t)σdw(t) (13)
where ρ¯(t) , ρ(t)s(t) can be interpreted as the trading rate
in dollars per unit time of the risky asset. Eq. (13) tells us that
changes in the dollar value of the risky asset holding equals the
increase at rate ρ¯(t) = ρ(t)s(t) per unit time from trade and the
change π(t)µdt + π(t)σdw(t) due to fluctuations in the value of
assets already being held. Note that the value of the risky asset
holding can increase even if an investor is selling due to concurrent
increases in the price of the risky asset. Ignoring liquidity costs,
the self-financing condition implies that the wealth process x(t)
remains unchanged from the Merton problem and is given in (3).
A tractable model with trading costs
A key insight from Section 3 is that trading in an illiquid market
involves the tradeoff between aggressive trading to achieve desir-
able asset holdings over time, and trading slowly tominimizemar-
ket impact costs. In the model (11), trading costs enter the wealth
and price dynamics in a way that mirrors how they are incurred in
reality. The key difficulty with this approach is that the associated
dynamic portfolio choice problem is difficult to solve. In this sec-
tion, we formulate an alternative stochastic control problem that
accounts for this tradeoff but remains tractable.
Consider the dynamic portfolio choice problem
sup
ρ¯(·)
E

−
 T
0
λ
2
ρ¯(t)2dt + Φ(x(T ))

subject to:
dx(t) = {x(t)r + π(t)(µ− r)}dt + π(t)σdw(t)
dπ(t) = {ρ¯(t)+ π(t)µ}dt + π(t)σdw(t)
ρ¯(·) ∈ A, x(0) = x0, π(0) = π0
(14)
where the class of admissible controls
A =

ρ¯ : [0, T ] ×Ω → R
 ρ¯(·) is {Ft}-adapted and
E
 T
0
|ρ¯(t)|2dt <∞

.
Several elements of this model are worth highlighting. Firstly,
while the instantaneous cost of trading in the original model
(11) appears in the dynamics, we have chosen for the purpose of
tractability to replace this with a quadratic penalty on the trading
rate in the objective. The quadratic trading cost approximates the
instantaneous cost of trading (10) in the original model
cost(N(n)) = const × s(n)×
N(n)∆
1.6
= const × 1
s(n)0.6
×
N(n)s(n)∆
1.6 ,
which is a convex function of the trading rate N(n)s(n)/∆ (in dol-
lars per unit time) and leads to a problem that is easier to solve.
(Observe, however, that a linear relative price impact function
leads to a quadratic trading cost.) In subsequent sections, we pro-
vide support for our model by showing that it leads to portfo-
lioswith sensible structural properties and close-to-optimal utility
when applied to the original market impact model (11).
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When the utility function is quadratic, the value function
V (t, x, π) for (14) and the optimal trading rate can be character-
ized as follows.
Proposition 2. Suppose that the liquidity cost parameter λ is positive
and the utility function is quadratic with risk-aversion parameter
η > 0:
Φ(x) = x− η
2
x2.
Then the value function for the portfolio selection problem (14) is
V (t, x, π) = −1
2

x π
 A11(t) A12(t)
A12(t) A22(t)
 
x
π

+ B1(t) B2(t)  xπ

+ C(t), (15)
and the optimal trading rate satisfies
ρ¯∗(t, x, π) = 1
λ
(B2(t)− A12(t)x− A22(t)π). (16)
The coefficients
A(t) =

A11(t) A12(t)
A12(t) A22(t)

, B(t) =

B1(t)
B2(t)

and C(t)
are the solutions to the system of ODEs:
A˙(t)+ R′A(t)+ A(t)R+Σ ′A(t)Σ − 1
λ
A(t)SS ′A(t) = 0
A(T ) =

η 0
0 0
 (17)

B˙(t)+ R′B(t)− 1
λ
A(t)SS ′B(t) = 0
B(T ) =

1
0
 (18)

C˙ + 1
2λ
(S ′B(t))2 = 0
C(T ) = 0
(19)
where R =

r µ− r
0 µ

,Σ =

0 σ
0 σ

, S =

0
1

.
Proof. It can be directly shown that (15) is a solution of the associ-
ated dynamic programming equation equations and that (16) is the
associated optimal policy. Existence and uniqueness of solutions
A(t), B(t) and C(t) of (17)–(19) follows fromAit Rami et al. [1]. 
Although the optimal trading rate for (14) is easy to compute
when the utility function Φ(x) is quadratic, the expressions
(15)–(19) are not particularly insightful. For instance, it is unclear
how the optimal trading rate depends on the trading cost
parameter, stock volatility or risk-aversion. To clarify these issues
we introduce an alternative formulation of the market impact
problemwhich reveals a simple and intuitive relationship between
our surrogate problem and the Merton problem.
5. Tractable model with trading costs: model II
In this section, we introduce another formulation of dynamic
portfolio choice with trading costs which allows us to relate our
first model (14) to the Merton problem. It will also be used to
develop an asymptotic expansion that provides insight into the
structure of the optimal policy (16).
Let
W (t, x, π) , VM(t, x)− V (t, x, π) (20)denote the difference between the value functions for the Merton
problem and the illiquid problem (14). Direct substitution of (4)
and (15) gives
W (t, x, π) = 1
2

x
π
′
α(t)

x
π

− β(t)′

x
π

− γ (t), (21)
where
α˙(t)+ R′α(t)+ α(t)R+Σ ′α(t)Σ − 1
λ
α(t)SS ′α(t)
+
µ− rσ
2
µ− r
µ− r σ 2
 AM(t) = 0
α(T ) =

0 0
0 0
 (22)

β˙(t)+ R′β(t)− 1
λ
α(t)SS ′β(t)+
µ− r
σ
2
µ− r
 BM(t) = 0
β(T ) =

0
0
 (23)
γ˙ + 12λ(S ′β(t))2 − 12

µ− r
σ
2 BM(t)2
AM(t)
= 0
γ (T ) = 0.
(24)
It can be shown with dynamic programming arguments that
W (t, x, π) is the value function of a linear–quadratic control
problem where the goal is to track the optimal holding π∗M(t, x)
of the Merton problem at minimal cost:
inf
ξ(·)
E
 T
0
λ
2
ξ(t)2 + 1
2
σ 2AM(t)

π(t)− π∗M(t, x(t))
2
dt

subject to:
dx(t) = {x(t)r + π(t)(µ− r)}dt + π(t)σdw(t)
dπ(t) = {ξ(t)+ π(t)µ}dt + π(t)σdw(t)
ξ(·) ∈ A, x(0) = x0, π(0) = π0.
(25)
Dynamic programming also shows that (14) and (25) have the
same optimal policy. The following result summarizes these obser-
vations. We leave the proof to the interested reader.
Theorem 3. Let V (t, x, π) and W (t, x, π) denote the value func-
tions for the market impact problems (14) and (25), respectively, and
VM(t, x) denote the value function for the Merton problem (3). Then
W (t, x, π) = VM(t, x)− V (t, x, π).
Moreover, both problems (14) and (25) have identical optimal trading
policies:
ρ¯∗(t, x, π) = ξ ∗(t, x, π) = 1
λ
(β1(t)− α12(t)x− α22(t)π). (26)
6. Asymptotic expansions
Although Theorem 3 establishes an interesting relationship be-
tween the Merton problem and two seemingly different formula-
tions of portfolio selection with trading costs, the expression for
the optimal trading rate (26) reveals little about the intuition be-
hind the optimal policy. In this section, we utilize multiple time
scale perturbation methods to derive an approximation of the sys-
tem (22)–(24) and the optimal trading rate (26) that is exact as
the trading cost parameter λ vanishes. This analysis establishes
an intuitive connection between the optimal trading rate and the
value function of the penalized problem and the frictionless Mer-
ton problem.
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problem (25) will go to zero as the trading cost λ becomes small.
This motivates us to derive asymptotic expansions ofW (t, x, π) in
terms of λ. We adopt definitions of O(ϵ) and o(ϵ) as follows: a real
function f (t, ϵ) isO(ϵ) over an interval [t1, t2] if there exist positive
constants k and ϵ∗ such that |f (t, ϵ)| ≤ kϵ ∀ϵ ∈ [0, ϵ∗], ∀t ∈
[t1, t2], and f (t, ϵ) is o(ϵ) as ϵ approaches ϵ0 if limϵ→ϵ0 |f (t,ϵ)|ϵ = 0.
We now derive an expansion of α(t), β(t) and γ (t) that is valid
in the regime of vanishing λ using multiple time scale perturbation
methods [8].
Proposition 4. As λ approaches zero, the functions α(t), β(t), γ (t)
satisfy
α(t) = √λ σAM(t) tanhσAM(t)T − t√
λ

×
 (µ− r)
2
σ 4
(µ− r)
σ 2
(µ− r)
σ 2
1
+ o(√λ)
β(t) = √λ σBM(t)√
AM(t)
tanh

σ

AM(t)
T − t√
λ

×

(µ− r)2
σ 4
(µ− r)
σ 2

+ o(√λ)
γ (t) = √λ σB
2
M(t)
2A3/2M (t)
tanh

σ

AM(t)
T − t√
λ
 (µ− r)2
σ 4
+ o(√λ).
Proof. When λ is small, it can be shown that α(t), β(t) and γ (t)
are O(
√
λ) over the interval [0, T ], which allows us to expand
α(t), β(t) and γ (t) in the form
α(t) = √λa(t)+ o(√λ), β(t) = √λb(t)+ o(√λ),
γ (t) = √λc(t)+ o(√λ)
where a(t), b(t) and c(t) are O(1) for all t ∈ [0, T ].
Consider the two time scales u , T−t and v , T−t√
λ
, andwrite
α(u, v) = √λa(u, v) + o(√λ), β(u, v) = √λb(u, v) + o(√λ),
γ (u, v) = √λc(u, v) + o(√λ). Under this re-parametrization,
the time derivative becomes ddt (·) = − ∂∂u (·) − 1√λ ∂∂v (·) and the
system (22)–(24) is transformed into a systemof partial differential
equations
√
λ
∂
∂u
a(u, v)+ ∂
∂v
a(u, v)
= −a(u, v)′SS ′a(u, v)+
µ− rσ
2
µ− r
µ− r σ 2
 AM(u)+ o(√λ)
√
λ
d
du
b(u, v)+ d
dv
b(u, v)
= −a(u, v)SS ′b(u, v)+

µ− r
σ
2
µ− r

BM(u)+ o(
√
λ)
√
λ
d
du
c(u, v)+ d
dv
c(u, v)
= 1
2
(S ′b(u, v))2 − 1
2

µ− r
σ
2 BM(u)2
AM(u)
+ o(√λ),
The system corresponding to O(1) terms is
∂
∂v
a(u, v) = −a(u, v)′SS ′a(u, v)+
µ− rσ
2
µ− r
µ− r σ 2
 AM(u)d
dv
b(u, v) = −a(u, v)SS ′b(u, v)+

µ− r
σ
2
µ− r

BM(u)
d
dv
c(u, v) = 1
2
(S ′b(u, v))2 − 1
2

µ− r
σ
2 BM(u)2
AM(u)
,
which is explicitly solved by
a(u, v) = σAM(u) tanhσAM(u)v
 (µ− r)
2
σ 4
(µ− r)
σ 2
(µ− r)
σ 2
1

b(u, v) = σBM(u)√
AM(u)
tanh

σ

AM(u)v
 
(µ− r)2
σ 4
(µ− r)
σ 2

c(u, v) = − σB
2
M(u)
2A3/2M (u)
tanh

σ

AM(u)v
 (µ− r)2
σ 4
.
The result follows after substituting for u and v. 
The following result follows from Theorem 3 and Proposition 4.
The estimate on the tracking error between the investor’s holding
and the optimal Merton holding (29) can also be derived using
multiple time scale methods, and we leave details to the reader.
Theorem 5. With small λ, the value function of the market impact
problem (14) satisfies
V (t, x, π) = VM(t, x)−W (t, x, π)
= VM(t, x)−
√
λ
σ
√
AM(t)
2
tanh

σ

AM(t)
T − t√
λ

×

π∗M(t, x)− π
2 + o(√λ). (27)
The optimal trading policy is
ρ¯∗(t, x, π) = σ
√
AM(t)√
λ
tanh

σ

AM(t)
T − t√
λ

π∗M(t, x)− π

+ o(1/√λ). (28)
Let x(t) andπ(t) be wealth and risky asset holding of an investor who
adopts (28). Then
E
 T
0
1
2

π∗M

t, x(t)

− π(t)
2
dt

= √λK
2
(π∗M(0, x(0))− π(0))2 + o(
√
λ) (29)
where the coefficient
K = 1
2σ
√
AM(0)
tanh

σ

AM(0)
T√
λ

.
Observe that the approximation in Theorem 5 introduces a new
liquidity time scale T−t√
λ
. Intuitively, the amount of trading that can
be done if there is time T−t until the terminal time depends on the
liquidity/market impact costs. For example, one week of trading
could beplenty of time if liquidity costs are small (i.e. T−t√
λ
is ‘‘large’’)
or barely enough time if trading costs are large (i.e. T−t√
λ
is ‘‘small’’),
which is precisely the effect that the liquidity time scale is trying
to capture.
Structural properties and comparative statics
Theorem 5 reveals several intuitive properties of the value
function and the optimal trading rate:
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timal holding π(t) converges to that of the optimal Merton in-
vestor asλ goes to zero. Intuitively, the investor trades infinitely
quickly when trading costs vanish, which allows him/her to
track the optimal Merton portfolio with vanishing error.
• The optimal trading rate ρ¯∗ increases in the difference between
the current risky asset holding and the Merton optimal holding
π∗M − π and the investor trades to close this gap.• The value functionV decreases in the distance |π∗M−π |between
his/her desired positionπ∗M andhis/her actual holdingπ . A large
distance means that an investor has to trade more aggressively
to reach the desired holding which incurs more costs.
• The liquidity time scale (T − t)/√λ affects the optimal trading
rate ρ¯∗ and the value function only when the remaining time
is comparable to
√
λ, since the hyperbolic tangent term will be
significant if (T − t)/√λ is small. When the liquidity time is
small an investor will reduce his/her trading rate since market
impact costs dominate potential improvements in utility from
rebalancing.
• A larger volatility σ makes the optimal trade rate ρ¯∗ increase.
When the volatility is large, an investor trades more aggres-
sively to close the gap between his/her position and the ideal
position π∗M .• A larger risk-aversion parameter causes an investor to trade
faster.
More generally, these observations show that the trading policy
delivered by our tractable model (11) has intuitive structural
properties,which gives us some confidence that ourmodel delivers
sensible policies for the problem (14).
7. Examples
Wenow test the optimal solution of (14) on the temporary price
impact model in Section 3.
7.1. Description
Financial market with market impact costs:
For the purposes of testing, we adopt the price impact model
described in Section 3. We assume that investors rebalance daily
over the course of one year (250 trading days) with rebalancing
time and interval given by n and ∆ (in years) respectively. The
market consists of a risk-free asset and one risky asset. The risk-
free asset is continuously compounded (2) with rate r = 2% per
year. The risky asset consists of an observed price s(n)modeled by
geometric Brownian motion (1) sampled at discrete times n (daily
for this example) and an execution price, sexec(n, s(n), N(n)) =
s(n)(1+ J(N(n))), with relative price impact function
J(N(n)) = c sgn(N(n))
 |N(n)|
V
0.6
.
Here, c andV are constants representingmarket depth and average
daily volume, respectively. For the purposes of this example, we
assume expected return and volatility ofµ = 6% and σ = 25% per
year and an initial price of one dollar, and V is chosen such that the
Merton investor trades on average 10% of daily volume.
Investors:We consider four investor types:
• the Illiquid Investor, who solves our surrogatemodel (14) for the
optimal solution ρ¯∗(t) (16), which prescribes a trading rate in
dollars per unit time. At the start of day n (i.e. at time t = n∆)
he observes the price s(n) and trades N∗(n) = ρ¯∗(n)s(n) ∆ shares
at price sexec(n, s(n), N∗(n)) per share. (The specification of the
surrogate model (11) depends on the illiquid parameter λ; we
showas part of our tests that performance of the policy, in terms
of generated utility, is insensitive to the choice of this parame-
ter.)• the Merton Investor who at time n, observes the price s(n)
and his risky asset holding π∗(n−) just before the trade, and
invests the dollar amount π∗M(n) − π∗M(n−) in the risky as-
set to take his holding from his observed level π∗M(n−) to the
desired level π∗M(n), as dictated by the solution of the Mer-
ton problem (3). This corresponds to a purchase of N∗M(n) =
(π∗M(n) − π∗M(n−))/s(n) shares. The trade is funded by with-
drawals/deposits from his risk-free account at the cost of
sexec(n, s(n), N∗M(n)) per share.• the Riskless Investor, who only holds the riskless asset, and
• the Ideal Investor, who like the Merton investor, rebalances to
theMerton optimal holding (5) each day, but unlike theMerton
investor, is able to transact at the observed price s(n).
More generally, the Illiquid and Merton investors are coming up
with trading policies by solving their respective problems. We use
these policies to obtain trade quantities N(n) for the start of each
day. These trade quantities are implemented for the model (14)
in Section 3, and the performance and trading behavior of these
investors, as well as the sensitivity of the illiquid investor’s per-
formance to the choice of parameter λ in the model (14), will be
evaluated.
7.2. Performance comparison
We compare the terminal return mean-standard deviation
frontiers and final wealth distributions of the illiquid, Merton and
ideal investors. The parameters in the price impact model are con-
sistent with the empirical analysis in Almgren et al. [3], namely,
that the execution price for a trade as large as 10% of daily volume
deviates by 0.2% from the observed price. The illiquidity coefficient
λ used by illiquid investor in his model (14) is 10−10.
The first plot in Fig. 1 shows the mean-standard deviation fron-
tiers for the illiquid, Merton, and ideal investors, which are ob-
tained by varying the risk aversion parameter η for all investors.
The ideal investor’s frontier is an upper bound on performance for
the investors trading in the market with price impact.
When the risk aversion parameter is large (low portfolio return
and standard deviation), the performance of all three investors’ are
roughly the same due to small exposure to risky asset, which leads
to small amount of trade and hence small impact. On the other
hand, for decreasing risk aversion (higher portfolio return and
standard deviation), trading and the risky asset holding increase
and the cost of price impact on P&L becomes substantial, and
the frontier of both the illiquid and Merton investors are pushed
to the right. It is clear that the illiquid investor’s frontier always
dominates that of the Merton investor and that the deviation of
the illiquid investor’s frontier from that of the idealized investor is
relatively small over all risk aversion levels.
The second plot in Fig. 1 shows the histogram of the difference
in final wealth of the Merton and illiquid investors, xilliquid− xMerton
when risk aversion η = 3.5 × 10−7, which clearly shows that
the illiquid investor outperforms the Merton investor on most
occasions, and that the out performance is more substantial than
the under performance.
7.3. Trading behavior
Wenowcompare the trading rate and risky asset holdings of the
Merton and illiquid investors. Fig. 2 shows sample paths of risky
asset holdings, trading rates, risky asset price and a histogram of
trading rate. The relative price impact, the illiquidity coefficient λ
and the risk aversionη remain the same as in the previous example,
namely J is 0.2% if an investor trades 10% of the daily volume, λ
equals to 10−10 and η equals to 3.5× 10−7.
Consistent with our asymptotic result (Theorem 5) and Theo-
rem 3, Fig. 2 shows that the holdings of the illiquid investor tracks
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wealth of the Merton and illiquid investors. In both plots, the illiquid investor used a illiquidity coefficient λ = 10−10 , and the relative price impact J is 0.2% if an investor
trades 10% of the daily volume.Fig. 2. This figure compares the sample paths of theMerton and illiquid investors. The illiquidity coefficient λ used by illiquid investor is 10−10 , and the relative price impact
J is 0.2% if an investor trades 10% of the daily volume.the holdings of the Merton investor. Observe that there are occa-
sionswhen the target holdingsπM(t) and those of the investorπ(t)
diverge (e.g. around n = 50 days). In this case, theMerton investor
was reducing his/her risky asset holdings (πM(t) is decreasing) in
response to the increasing stock price, and the investor was sell-
ing (ρ∗(t)was negative) to track the target portfolio. However, the
increasing price was pushing up the value of the risky asset hold-
ingmore quickly than it was being reduced by trading according to
ρ∗(t).
The third and fourth plots show that the optimal trading rate of
the illiquid investor is substantially smaller than that of theMerton
investor.
7.4. Robustness
We now examine the sensitivity of the performance of our
model to the illiquidity coefficient λ and the price impact J .
Throughout this example, the risk aversion parameter η is set to
3.5× 10−7.
To begin, we vary the illiquidity coefficient λ from 5× 10−12 to
5 × 10−8 while keeping the relative price impact J at 0.2%. Fig. 3plots the utilities of the illiquid, Merton, and riskless investors.
While the optimal utility for the illiquid investor is achieved at
λ = 8 × 10−10, observe that the utility curve is fairly flat around
the optimal value so the illiquid investor performs well for a rel-
atively large range of values and careful tuning for this example
is not needed. While the change in the utility of the illiquid in-
vestor is small over this range of λ, the second plot shows that his
trading rate changes substantially. Intuitively, the savings from re-
ducedmarket impact compensate for the loss in utility from slower
trading.
Next, we vary the relative price impact J between 0.02% and 1%
(empirical studies [3] suggests J is around 0.2%), and plot the aver-
age utility of theMerton investor, the riskless investor, and illiquid
investors with λ equal to 5×10−11, 10−10, 5×10−10 and 1×10−9
(to see the impact of the choice of illiquidity coefficient). Fig. 4
shows that performance of the four illiquid investors is comparable
to the Merton investor when the price impact is small, but consid-
erably better when the impact is moderate to high, and that the
decay in performance when there is an increase in relative price
impact is much less. We note that an impact of 0.12% is approx-
imately equal to paying the spread, so the Merton investor only
306 A.E.B. Lim, P. Wimonkittiwat / Operations Research Letters 42 (2014) 299–306Fig. 3. This figure shows the utility and the trading rates of the illiquid investor with different values of λ’s. The relative price impact J is 0.2% if an investor trades 10% of the
daily volume. The average utility of theMerton investor and riskless investor is added for comparison. It is interesting to note that while utility does not change substantially
over the range of λ being considered, the trading rate changes significantly.Fig. 4. This figure compares the average utility of four illiquid investors with four
different λ’s under various illiquidity situations. The average utility of the Merton
and riskless investor is added for comparison.
outperforms the illiquid investors in a highly liquid market where
buying and selling occur at almost the same price. (The average
spread of common stocks listed on the NYSE is 0.24%, which comes
down to 0.075% for those in the top five percent of dollar trading
volume. (Data from 2001 to 2005 by Kyle and Obizhaeva [9].))
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